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Adjoint methodsarewidely usedin many optimization,control andestimationproblemsencounteredin fluid
mechanicssuchas airfoil shapeoptimization,optimizationof open–loopcontrol distributions and variational
dataassimilationin numericalweatherprediction(aka4DVAR). Whenappropriatelydefined,the adjoint states
allow one to conveniently expressthe gradient(i.e., the sensitivity) of a given cost functional to the control
variables.Thegradientthusobtainedcanthenbeusedin an iterative optimizationalgorithmto find theoptimal
controldistribution andthecorrespondingoptimalstates.Thework [1] reviews thetheoryanddiscussesseveral
applications.
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Figure1: Thefour essentialcomponentsof theadjoint-basedoptimizationprocess.

Application of standardadjoint–basedmethodsto genuinelymultiscaleand chaotic problems,such as high
Reynolds numberturbulence,often encounterssignificantdifficulties. They include: presenceof many local
minimaof thecostfunctional,non–smoothdependenceof theproblemsolutionon thedata,anddifficultieswith
numericalsolutionof theadjointsystems.Therefore,thegeneralframework needsto beregularized andwe pro-
posehereto do this by consideringsmoothnessof the variousfields involved in the adjoint analysis.We have
identifiedfour distinctplaceswheresuchregularity canbe introduced(seeFig. 1). First, onecanregularizethe
evolution equationitself. Furthermore,in a controlproblem,therearethreespatio-temporaldomainof interest:
Φ1, on which thecostfunction is defined,Φ2, on which thesystemevolution takesplace,andΦ3, on which the
control is defined.In anadjointanalysis,thereis an innerproductspaceassociatedwith eachof thosedomains,
andL2 productsaremostcommonlyused.We proposehereto derive theadjointalgorithmusingmoregeneral
Sobolev bracketsH p. In principle,thefour regularizationopportunitieshelpusto (i) choosetheevolutionequation
stressinga givenaspectof thesystemdynamics,(ii) target thecostfunctionalon thephysicsof interest,(iii) de-
finenumericallytractableadjointoperators,and(iv) extractsuitablypreconditionedgradients.We illustratethese
regularizationopportunitieswith computationalexamplesof optimizationproblemsfor Kuramoto–Sivashinsky
andNavier–Stokessystems.
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